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1 Introduction

In this Supplementary Material, which is not meant to be published, I provide proofs that were omitted

from Lagerlof (2019). In the next section, I prove Lemma 1 and Lemma 2 of Lagerlof (2019). In Section

3, I state and prove six new lemmas (51-56) that will be used to prove Propositions 1 and and 5. Finally,

in Section 4, I prove Propositions 1-5 of Lagerlof (2019).



2 Proofs of Lemma 1 and Lemma 2

First, for convenience, let us copy in the following equations from Lagerlof ( ):

it fw > p—3t
Ri(w_;) = g ’ (1)

w_ i+t fw_; <p-3t,

) (pw2) [ya(L=%) ] ifwy <t
= - . ©)
(p—w2) [ya(1=%)+vp] ifwr>t,

toifl <
Wap = WA =1 o1 3)
72 Uy =3

In addition, the two large tables (Table 1 and Table 2) in Lagerlof ( ) are copied in here.

2.1 Proof of Lemma 1 in Lagerlof ( )

In order to prove the lemma, it suffices to show the claims about the subgame (y1,y2) = (A,C). The
results for (y1,y2) = (C, A) then follow by symmetry of the game.

Thus consider the case (y1,12) = (A, C). Panels (a) and (b) of Fig. 1 illustrate the possible stage 2
outcomes in the (wy, wy )-space. These figures make use of some of the information stated in subsection
3.1 in Lagerlof ( )—for example, the fact that the threshold value ¥ lies strictly inside the unit inter-
val if and only if wy € (wy —t,wy +t). In region I of the figure, the A market is covered and shared
by the two firms; moreover, the B market is covered. In region II, the A market is covered and shared
by the two firms, but the B market is not covered. And so on for the other indicated regions. Firm 1’s
reaction function, as stated in equation (1), is graphed in Fig. 1 as a thick dashed (red) line; panel (a)
shows the case where t/p < 1/3, meaning that for low enough values of w, firm 1 employs all workers
in market A, while panel (b) shows the case where t/p > 1/ 3.1

It is clear that firm 1’s reaction function passes through regions I and II. It may also be located on
the line w; = wy 4 t. We can therefore conclude that an equilibrium must lie: (i) in the interior of region
I; (ii) in the interior of region II; (iii) on the border between regions I and II, where w, = t; or (iv) on
the line where w; = wy + t. Below I will investigate under what circumstances, if any, there is a pure

strategy equilibrium in each one of these regions.

Finding an eq. in region I (where the B market is covered)

In (the interior of) region I there cannot be equilibrium where firm 1’s wage choice is “in a corner”
(i.e., given by the second line of (1)). Thus firm 1’s best reply is interior (i.e., given by the first line

of (1)). Given that we are in region I, firm 2’s profit is given by the second line of (2) and, hence, the

1Both panels assume that t/p < 1/2.1f t/p > 1/2, then region V in the figures disappears, but there are no qualitative

changes that affect the reasoning below.
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Figure 1: Finding an eq. of the subgame (y1,12) = (4, C).
associated first-order condition is:
97y YA YA
oW, [ op (W1 =2t )} + o (P-w2) =0,
which simplifies to

2t =y (w1 —wa+1t) =y (p —w2). @)

Equation (4) and the first line of (1) define a linear equation system in w; and w,. Solving this yields

w1 =

Also, using (5), we can compute firm 1’s profit and firm 2’s profit at the possible equilibrium:

37a
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We can now check the conditions that are required for being in (the interior of) region I. First,
(2+7a)t (4—ya)t
—t - - —t&2 0,
w1 > wy =P 374 > 374 =S 2474 >
which always holds. Second,
(2+7a)t (4 — )t 2
teop— A cp T4 4y =
w <wyt+tesp 37, <p 374 + ®7A>5,
which also always holds. Third, the B market must indeed be covered:?
(4—7a)t t 3714
w—t>0ep——F"—>te - < . 8
? S p o 202+74) ®

Finally, firm 1’s best response must indeed be given by the first line of (1):

wy>p—3tsp—

(4—ya)t
374

2
>p—3ts ya >

gl

2This implies that also the A market is covered, since the worker who has the most distant location must travel farther in a

monopsony market.



which again always holds.

There are two kinds of deviations that potentially could be profitable: Firm 2 could give up its
ambition to hire anyone in the A market and instead choose the wage that maximizes its profits when
hiring only in the B market; or firm 2 could stay in the A market but choose some wage w; < t,
yielding a profit given by the first line of (2). The second kind of deviation is never profitable. If it
were, the derivative of firm 2’s profit function, as stated in the first line of (2) and evaluated at firm 1’s
wage and at wp = t, would be negative:

ortde t 3

<0 — > )
owy ‘(wl,wz):<p—<2;77§)t,t) p - 7—7a

But the above inequality is inconsistent with (8).
Thus consider the first kind of deviation, where firm 2 gives up on the A market. Here firm 2 could

choose wp = t or it could choose some w, € (0,t). If making the latter deviation, the best deviation

maximizes 71, = LtB (p —w2) wy, ie., itis given by wy = % For this wage to indeed be interior, we must
have
p t 1
Tte —> o, 9
: >3 9)

which is inconsistent with (8). This means that the best possible deviation is wp, = t. Making this
deviation, given that w; is given by (5), would yield the profit

T =y (p—wy) =vp(p—1). (10)

Thus, there is no incentive to deviate if, and only if,

t(4—7a)
1874

LN 187478
P (4—v4) + 187478

We can conclude that if (8) and (11) hold, then there is an equilibrium where the prices are given by

> gt e >qp(p—t) & = ¢(78). (11)

(5), and the associated profit levels are given by (6) and (7). This yields the bottom line in Table 1.
Finding an eq. in region II (where the B market is not covered)

Again, in (the interior of) region II there cannot be an equilibrium where firm 1’s wage choice is “in
a corner” (i.e., given by the second line of (1)). Thus firm 1’s best reply is interior (i.e., given by the first
line of (1)). Given that we are in region II, firm 2’s profit is given by the first line of (2) and, hence, the
associated first-order condition is:

B ls 1 +2
2 = [va (w2 — wy +t) + 2ypwa] + “271}73

Jw, 2t (p—w2) =0,

which simplifies to
Ya (w2 —wy + ) + 2ypwy = (va +278) (p — w2) . (12)

Equation (12) and the first line of (1) define a linear equation system in w; and wy. Solving this yields

1 - t —3(1 —p)t
w = 20t wp -Gt G+yp)p—301—78)t (13)
3+ 57p 3+578
We can now check the conditions that are required for being in (the interior of) region II. First,
—3(1 =)t t 1
w2<t<:>(3+73)p SA-yp)t b1 (14)
3+ 578 p 2



Table 1: Equilibrium wages and profits in the subgame where (y1,12) € {(A,C), (C,A)}

Eq. behavior Condition Wa|c We|a TTalc TTc|A
1 2 3(1498)p—(Btyp)t  (3+ys)p—3(1—vp)t 2950+ (BHp)t 12 14vg [dygpt3(1—vp)t]?
Low-wage eq. % € (§, 3} ( Wz;)fs’y(B )t ( 73)3;; 57(3 W)t s [ ’VBI!;+(5 7B%s) } L1 { 15043 5(73 78) }
Middle-wage eq. % € Bg:zgg,ﬂ 5’ t 7(17;?)7]2 —(pft)[“;t(l*%)m
- t 3(1-17p) (3—7p)t (3-+7p)t t3-15) t3+7p)”
High-wageeq. ¢ [¢(73)' 2(3w§)> P~ 5T ) P~ 3-vs) T8(17) 8(1—70)
Table 2: Equilibrium wages and profits in the subgame where (y1,12) € {(B,C), (C,B)}
Eq. behavior Condition wg|c we|B Ttg|C TTC|B
12 3(2—vp)p—(4—7p)t  (4—yp)p—35t 2(1—yg)p+(A—yp)t]1%: (2 4(1—yp) p+375t | 2
Low-wage eq. % c (j/é} ( 738)7r157(3 )t ( 'ézi)Spw o [ ( 738)7;757(3 78) } ( 233) [ ( gE)Sr;B 18 ]
. —)(4t—
Middle-wage eq. %E {max 2(231%),%40(73) ,% g t tis (p=t)(4—vpp) t)(4; 18p)
Full segmentation % € {(p(’yg), H 2t t ve(p —2t) valp —1t)
. 3 245)t 4—p)t t2 tH(4—75)*
High-wage eq. 5 € [¢(73)' 2(21373)) p—! ;WBB) p—1 3333) (1235) (18'333)




Second,

31 +yp)p =GB+t _ B+ys)p =30 —p)t , .t 27

w < wy+t& =2
1= 3+ 57 3+57p p~ 3(1+3yg)

which is implied by the condition above that % > 1. Third, firm 1’s best response must indeed be given

by the first line of (1):

(3+7B)p_3(1_73)t>p—3t<:>£> 2B

wH, >p—3t & _—,
2-F 34578 v~ 3(1+375)

which is identical to the condition immediately above. Fourth, the A market must indeed be covered:

2(3+273)

< 7’
~ 3(8+78)

t t
w—tx>0& w; > E(wl—wz%—t)(:}wl—f—szt@?
which is implied by the assumption % < %

Calculate firm 1’s and firm 2’s profit at the possible equilibrium:

YA 2
ny = E(P—wl)

_'YA{ _3(1+73)P—(3+73)fr_ YA [273P+(3+73)f

2
= = 1
2t 3459 2t 3+57p } o 1

e (at2p) (p—w)® _ (Lte) [ B+ap)p 31— ve)t]* _ (1+98) [4rsp +3(1—7p)t]’
2 2t 2t 3+5v3 2t 34573 '
(16)

There is one kind of deviation that we must check: Firm 2 could give up its ambition to hire in the
A market and instead choose the wage that maximizes its profit when hiring only in the B market. If
making this deviation, the best deviation maximizes 7, = 2 (p — wy) wy, i.e,, it is given by w, = §.
(This wage is indeed interior, for g <t<& % > %, which is identical to (14).) Making this deviation

would yield the profit

2
dev __ _ PP _ YBP
o =B (p 2) 2 4 (17)

Thus, there is no incentive to deviate if, and only if,

2
8yp +6(1— 'YB)%

Tk > ndev<:>
2="2 3+59z

< (1+78)

B 2 2
(1+ ) {4VBP+3(1 ’YB)t] > JBP > 2.

2t 3+5yp 4t

(18)

It is easy to verify that the left-hand side of the last inequality is increasing in i and, evaluated at

% = %, equals 1 + p; hence the inequality holds for all % > % This means that there is no profitable
deviation.

We can conclude that if é € (%, %} , then there is an equilibrium where the wages are given by (13),

and the associated profit levels are given by (15) and (16). This yields the first line in Table 1.
Finding an eq. on the border between regions I and 11 (B market exactly covered)

In an equilibrium on the border between regions I and II, firm 2 chooses w, = t. Firm 1’s reaction

function is, as before, given by the first line of (1).> This means that in an equilibrium of this kind, firm

3The case under consideration (i.e., w, = t) is also consistent with firm 1’s reaction function being given by the second line of

(1). But, if so, we have w1 = wy + ¢, which is the case dealt with below.



wy+p—t
—— =

1’s wage is given by w; = £.For w, = t to be optimal for firm 2, given w; = §, the following

two conditions must hold:

om 1 4 va+278 b1
Wy (wl,wz):(g’t)z 0& T {')’A (t -5 + t) +2’)/Bt} < T (r—t) & ; < >
a7y YA (P YA t 374 3(1— 7vp)
30, < — 5= >TA e -> - _
0w, lwron)=(4.)S 0 1= 5 (2 t+t) T p = 22+74) 203—178) 1)

The profit expression that is differentiated in the first condition is given by the first line of (2), while
the profit expression that is differentiated in (19) is given by the second line of (2).
We can now check the remaining conditions that are required for (w;, w,) = (4, t) to be an equilib-
rium. First, firm 1’s best response must indeed be given by the first line of (1):
w2>p—3t©t>p—3t®%> i,

which is implied by (19) above. Second, the A market must indeed be covered:

w —tx>0& w > %(wl—wz—l—t)@wl—l-szt(:)g—l—tZt,
which always holds.
Now calculate firm 1’s profit at the equilibrium:
2 2
. Py P _rar’ _ (1=1B)p
M= p-w)aX =P -1y = g =g (20)
And calculate firm 2’s profit at the equilibrium:
— (p— ) = (p—t) (1 P = (Pt (4= (1= 7p)p]
= (p—w)(1—7a%) = (p—) (1- 1) = m . 1)

We can conclude that if % € Bg:zg g , %} , then there is an equilibrium where the wages are given
by (wy, w2) = (5, t), and the associated profit levels are given by (20) and (21). This yields the middle

line in Table 1.

Finding an equilibrium where wy = wy + t holds

Consider finally the possibility of an equilibrium where the equality w1 = w, + t holds (and, as
before, the A market is covered). In such an equilibrium, firm 1 is the only one hiring in the A market
(cf. panel (a) of Fig. 1).

A first condition that must be satisfied for this kind of equilibrium to exist is that firm 1’s reaction

function is given by wy = wy + £, i.e., by the second line of (1). This requires that wy < p — 3t. Note that

t
p

only in the B market, and it is a monopsonist in that market. Therefore firm 2’s optimally chosen wage

for this inequality to hold for some w, > 0, we must have - < % We also know that firm 2 is active

must equal w, = t (this follows from (3) and the fact that % < % implies % < %). This in turn means,

since w1 = wy + t, that wy = 2t. Firm 2’s profits if (w1, wy) = (2t,t) are given by

m = vp(p—1t).



When is indeed (wq,w;) = (2t,t) an equilibrium? A first requirement is that, evaluated at w, = t,
we have wy < p — 3t; this is equivalent to % < }1. Second, firm 2 must not have an incentive to make a
global deviation by entering the A market. An entry into the A market must involve an increase of w»
from w, = t to some higher wage, which in particular means that firm 2 will still employ all workers
in the B market. The optimal deviation thus maximizes the profit expression in the second line of (2),
and the associated first-order condition is given by (4). Plugging w; = 2t into this first-order condition

and then solving for w,, we have
274

One can verify that % < and v, > } guarantee that w$® > t holds. Firm 2’s profit if deviating to

dev
w2 1S

dev

TA
o = g(P—w

deV)Z — YA YAP + (2 _37A)t 2
2 2t 294 '

Therefore firm 2 has no incentive to deviate if, and only if,

dev

m > 5 < yp(p—t)

_ 74 [7aP+(2=374)t)°
- 2t 274

& 8yavp(p— 1)t > [yalp—t) +2(1 — )t & [yalp — 1) —2(1— 7a)t* <0.
The last inequality is always violated (it holds with equality if % = ZZﬁ‘;A , but this is inconsistent with
% < % and y4 > %). We can conclude that there does not exist an equilibrium with w; = wy + ¢. O

2.2 Proof of Lemma 2 in Lagerlof ( )

In order to prove the lemma, it suffices to show the claims about the subgame (y1,12) = (B, C). The
results for the subgame (y1,y2) = (C, B) then follow by symmetry of the game.

Thus suppose that (y1,2) = (B, C); that is, firm 1 discriminates in hiring against the majority
group, group A, while firm 2 does not discriminate at all. The analysis of this case is very similar to the
analysis in the proof of Lemma 1. Basically, we have to replace y4 with v (and vice versa) everywhere
in our previous analysis. We also must re-examine the conditions for the various kinds of equilibria to
exist, since these may now look different (for we have y4 > %, while yp < %).

First consider an equilibrium in (the interior of) region I. By using (5), and by replacing 4 with g,
we have

w = p— CEIE e

378

Similarly, using (6) and (7), we obtain the following profit expressions:

(=)t 3;;3)’?. (23)

2 2
18 18vp

We now check all the conditions. The requirement that w; > w, — ¢ still always holds. The require-

ment that wy < wy + t is equivalent to yp > % The condition in (8) now becomes

t 3’)/3
w—t>0 — < ————. 25
2 » <22+ 15) ®)



One can check that the next few arguments in the proof of Lemma 1 do not add any new condition to
the analysis here. For example, the condition in (11) becomes

18(1 — )8
4—9p)> +18(1 — v5)78

t

-2 (26)
P

t
p
(25) and (26) jointly imply yp > % We can thus conclude that if % € [go('yg), %), then there is an
equilibrium where the wages are given by (23), and the associated profit levels are given by (24). This

which is implied by the assumption £ > ¢(yp). Moreover, one can verify that the two inequalities

yields the bottom line in Table 2.
Next consider an equilibrium in (the interior of) region II. By using (13) and by replacing y4 with

g, we have
31+ya)p—B+7a)t _ 3Q2—78)p— (4— 78t

o 3+574 8— 575 ’ (27)
oy = BT 7a)p =3 —74)t _ (4= 78)p — 378t 28)
2 34574 8—5v5

Similarly, using (15) and (16), we obtain the following profit expressions:

e _ 78 [20ap+ B+ aa)t)® _ o [20 - ve)p+ (- p)t)’ 29)
LY 34574 2t 8 —57p ’
o (Lt 7a) [41ap +3(1—va)t)* _ 2= 78 [4(1—78)p + 378t )
2 2t 34574 2t 8 — 593 :

We now check all the conditions. The requirement that w, < ¢ still holds if, and only, if % > % The

requirement that w; < w; + t is equivalent to

t 2 2(1 —
> YA _ ( YB)

p~ 3(1+3y4) 3(4—37p)

which is implied by % > % The condition that firm 1’s best response is given by the first line of (1) is,
as before, identical to the condition immediately above. The requirement that the B market (this is, for
the subgame under consideration, the market in which both firms are active) is covered can be written

as
b 2(34+2v4) 2(5—273)
- S - 7
p~ 3B+7a)  3(4—7s)
t

which is implied by the assumption 5 < % Finally consider the condition required for firm 2 not to

have an incentive to deviate globally (by giving up its ambition to hire in the B market). It is clear that

w —tx>0&

the arguments in the proof of Lemma 1 apply also here: There is no profitable such deviation (to see
this, note that if we replace y4 with g in (18), the resulting inequality always holds, given % > % and
74 < 1). We can thus conclude that if % € (%, %} , then there is an equilibrium where the wages are
given by (27) and (28), and the associated profit levels are given by (29) and (30). This yields the first
line in Table 2.

Next consider an equilibrium on the border between regions I and II. Here, as in the proof of Lemma
1, the wages are given by (wy, w2) = (4, ). The profits are obtained by swapping 74 and 3 in (20)
and (21):

2
T = Tg|c = %, T = ricip = (p—t) (1 - 73%) : (31)



Among the conditions required for (wy, w;) = (4, t) to be an equilibrium, only one is affected when

we replace y 4 with p. This is condition (19), which now becomes:

d712 §0<:>£2 378

dw, @=(30S 09 5 2 354 10y (32

The conditions that are the same as in the proof of Lemma 1 are % < % and % > %. In addition, we

have assumed that % > ¢(vp). Of the two latter conditions and of the condition in (32), either one can

(depending the value of yg) be the most stringent one. We can thus conclude that if

% € {max {2(2311373) , ir ‘P('YB)} , ﬂ /
then there is an equilibrium where (wy, w;) = (5,t), and the associated profit levels are given by (31).
This yields the second line in Table 2.

Finally we must investigate the possibility of an equilibrium where w; = wy + t holds. It follows
from the arguments in the proof of Lemma 1 that in this kind of equilibrium, (wy, w;) = (2¢,t). More-
over, it follows that we must have % < %. Similarly to the Lemma 1 proof, firm 2 must not have an
incentive to make a global deviation by entering the B market. An entry into the B market must involve
an increase of w, from w, = t to some higher wage (so firm 2 would still employ all A workers). The

optimal deviation must be given by (22), but with 4 replaced by v3:

dev _ 18P — (2= 37p)t

w
2 27B
This expression does not exceed t if, and only if,
by 8 33
P 2-8 )
One can show that, given % < }I, (33) is implied by the assumption that % > ¢(vB). Hence, % €

{4’ (v8), ﬂ guarantees that firm 2 does not have a profitable deviation and therefore that (wy,w;) =
(2t,t) is an equilibrium. We can thus conclude that if % € [(p('yB), %] , then there is an equilibrium
where (w1, wa) = (2t,1). The associated profit levels can be computed as 711 = 7gc = vp(p — 2t) and

7y = 7tc|p = va(p — t). This yields the third line in Table 2. O

3 Proofs of Six New Lemmas to Be Used When Proving Proposi-

tions 1 and 5

In this section, I state and prove six lemmas. The lemmas relate various profit expressions to each other,
for different parts of the parameter space. Knowledge about these relationships will then be used when

proving Propositions 1 and 5.
Lemma S1. Suppose % € (¢(vp), %) We then have the following relationships:
a) Ttp|a = 7a\a + 7p|a (and hence Ttp| 4 > 704 4 and Tipj a4 > Tg|4);

b) mtpp = 1A + 7tpp (and hence Ttp|p > 74 p and 7ip|p > 7p|p);

10



¢) 7lcjc = Tic|p = 7p|c = Tp|p > 7A|D > TB|D-
Proof of Lemma S1. Follows immediately from the results stated in Section 3 of Lagerlof ( )- O
Lemma S2. Suppose % € [2, 3> We then have the following relationships:

a) Tcia > Tajar Ticla > Tp|A/

b) Ttc|c > Talc > Tp|cs

¢) Tp|p > Tc|B;

d) Ttc|g > 7a|B > Tlp|B-

Proof of Lemma S2. Throughout, I make use of results stated in Section 3 of Lagerlof ( ). First we

have

1+ 95 [4ysp +3(1—p)t]> _ (1—yp)t
Tela = TTAlA < Ty 3+ 575 -
2
< (1+7p) [4713? +3(1— ')’B)} —(1—8) (3+575)> > 0.

But this inequality must hold for all % 2, because the left-hand side is increasing in ¥ and evaluated
att = j it equals

9(1+7g5) (1+98)* — (1 —78) (3+575)°,

which can be shown to be strictly positive for all y5 € (0, ) Second, we have

1 1 2 2 2
+7B [4’YBP+3( +73)t} NN t

t 2
7l > TBlA <~ 3+ 578 m 2(1+B) |48 +3(1+7B)p > v(3+578)"

But this inequality must hold for all & > 35, because the left-hand side is increasing in % and the

t
p

inequality holds (with some margin) at i =

1
2 7
% Third, we can write

& (3+578)% > 74 [Ms? + (3 —8)]%

2
Y4 [2v8p + (83— 7B)t
el > Taje < E ~ ot [ 34573

This inequality must hold for all t > 1: The right-hand side is increasing in ¥, and evaluated at ¥ = 2

the inequality is equivalent to 1 > 4. Fourth, we can write

2 t12 2(1— 4—yp)t]?
nA|C>nBC<:>'YA{’)’BP+(3+'YB)]>'YB[( vB)p + ( vg)}é

2t 3 +57p 2t 8 —57s

BN aer 295+ (3 +78) 2(1— ) + (4—75)t\°
‘I"(’YB/p) In [(1—')’8)< 37575 p) ]—In [73( 8 515 P) ] >0

Note that
oY  2(3+17s) 2(4 —vp) _ 4[(3+vp)(1—B) — (4 —7B)7B]

a(%) S 2mHGHe)y 2008+ @-me)y [273+(3+73)ﬂ [2(1_73)+(4_7B)ﬂ,

which is strictly positive thanks to the assumption that yp < % It thus sulffices to show that, evaluated
at i = %, ¥ (’yB, %) is strictly positive. But it is easy to see that ¥ (73, %) =In(1 —vp) — In(yp), which

is str1ctly positive for all yp < 3.
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Fifth, we can write

vap® vt 2-78 [4(1 —73)P+3vgtr

* 8 — 575

=
ojp = 7B <= o T 2t

2
2 4(1—vp) +378 (i)
t def t 14
=) =1—gp+s (=) —(2- > 0.
(7B p) YBT VB <P> (2—8) [ 8 57p

The function s(7yg, 1) is strictly increasing in £ if, and only if,
TB: y g1 y

t 12(1 — yp)(2 — vB)

p~ (8-5v8)2—=9v8(2—78)*

which is implied by £ > 1. It therefore suffices to show that s YB, 1) > 0 or, equivalently,
p y P 2 2 q Y,

2
8 4(1—7p) + 378
1— I8 _(a— 0,
BT ( ’Y)[ 8 575 >
which simplifies to g < 1 and thus always hold.
Sixth, we have
2— g [4(1—78)p+378t]* _ vaP?
Telp > A S Ty 8575 o
2

& 2(2—p) {4(1 —B) + 3’)/3% —(1—78) (8—5v5)°

But this inequality must hold for all % 1, because the left-hand side is increasing in % and evaluated

att = j it equals

27
TIYB (8 — 5v5)* — (1 —g) (8 — 5v5)°,

which is strictly positive for all yg € (0, 3).

Finally, we can write

Yap® _ Bt
4t 2

£\ 2
YB > 2B () .
p

But this 1nequa11ty must hold for all £ % because the right-hand side is increasing in % and evaluated

<

att =2 2 the inequality becomes
9(1—8) > 878,

which can be shown to hold for all y5 € (0, %)

Lemma S3. Su ose L 3(1— 73), . We then have the following relationships:
pp 2(3—75)’ 2 g p
= t = 1.
ﬂ) ﬂClAzﬂD‘AQS =3
> > /1
b) Ttp|c Z Tl 45 z ¥
> t=1.
C) 7fc|B = 7TD|B as p = 3/

d) 7TA|C > TCB‘C;
e) Ticja > Tip|a and 7y p > Tip|p;

12



f) If’)’B > %, then TCB‘A > ﬂA‘A;
8) Ticjp > 7B
Proof of Lemma S3. First, we can write

Yat

(p=t = A =v)pl 5 g4 2L
= 2

4t
 (p— )[4t — (1= p)p] = 4ys(p — Dt +2(1 — 7p)1?
& (L—78)(p—p+2(1 =) =41 —5)(p— 1)t <0

2
<:>1t+2(t> 4<1t)t§()<:>(3t1)<2t1>§0.
p P P/ P p p

> % Second, we can write

Tc|a 2 TTpja <

Since, by assumption, % < %, the last inequality is equivalent to %

toQ—vw)p* ot VI—178
7TD‘C>7TA‘C<:>§>T<:>E>T,

from which the claim follows. Third, we can write

(p—t) (4 — 78p)
4t

t
> WA(P—t)""YTB-

Tc|p = Tp| <

Note that this inequality is identical to the one above (see the calculations for 77c|4 > 7tp|4), except that
Y4 and g have swapped places. Therefore the result there, which did not depend on the particular
value of 75 € (0,1), applies here, too, and the claim follows. Fourth, the claim that 7t Alc > Ttg|C follows

immediately from Tables 1 and 2 in Lagerlof ( ) and the assumption that yp < % Fifth, we can write

(p—1t) [4t ;t(lf’YB)P] Syp(p—1t) & % > i

7TC‘A>7TB‘A<:>

> 3(1-7p) % for all yp € (0, %) Sixth, we can write

which always holds because 2G5—75)

t
p

_ P LN € el )
Tag > g < (L—vp) (p—1t) > > @p< P

which holds for all 5 € (0, §). Seventh, we can write

(L—vp)t t _ 278
TRIA > TTAIA & - > - < ,
B|A AlA B (p—1t) > p S 1475

which holds for all yg > % (indeed, it holds for all yg > %). Eighth, we can write

—t) (4t — t 1
TTc|B > TTA|B < =1 (4t vep) (I—=78)(p—t) < » > 1
which always holds under the assumptions of the lemma. O

Lemma S4. Suppose % € (max {(p('yB), 2(231%) , %} , ;E;:lg” . We then have the following relationships:

= t = 9(1—7p).
a) Tlcla Z 7IDIA 98 % Z 21—T3y5’

b) 7TA|C > 7TC|C;

3vr8(1=78) ,

¢) A = g as £ = 2V 1BU-78)
AlC < BIC® p = T 2(B=9p)

13



7

Q=

d) 7o = mpjgas £ =
C|B = '*D|B P <
e) 7Tc|A > 7TA|A, HC‘A > 7TB|A, 7Tc|B > 7TA|B, and 7Tc|B > T[B‘B'

Proof of Lemma S4. First, we can write

t(3+7g)? ;
Ticla 2 Tp|a <= 718(1 ~8) > vp(p—1t) ""YAE
& {(3+73)2 +187p(1 — ) —9(1 — 73)2} t > 18yp(1 —vB)p
t _9(1—1p)
2(21 -1 t>1 1-— - >~ 7/
< 2( 3v)yet > 1878(1—7B)p & » 2 21137,

Second, we can write

t(3—p)
18(1 — )

which can be shown to hold for all g > 0. Third, we can write

t
Talc > Tielc > 5 (3—78)* > 9(1—78),

t(3—p)° S B p?

4(3—45)* 2 >9v5 (1 — 2
18(1—75) — 8t 4@ —7p) " 298 (1—18)p

Talc = Ttglc <

or
< 3V —78)
- 2(3—178)
Fourth, we can write

(p—1t) (4 —18p)
4t

&[4t —ypp —4(1—9p)t] (p—t) = 295 & (4t —p) (p— 1) 2 28 & (p—3t) (p —2t) 0.

t
Tic|p 2= Tp|p & >yalp—1t) 785

It follows from the assumptions in the lemma that % < % Therefore, the above inequality is equivalent

to % > % Fifth, we can write

t(3+75)° < (1— )t
18(1 — v3) 2

The left-hand side of the last inequality is strictly increasing in yp and it equals zero at yp = 0; hence

nC‘A>7TA‘A<:> <:>(3+')/B)2—9(1—’)/B)2>0

it holds for all yg € (0, 3). Sixth, we can write

t(3+75)°

t
TTola > Tpia <& > -t - > ,
ClA B|A 18(1— 75) B (p—1t) p ®(7B)

which always holds. Seventh, we can write

L@ 180) s 1y py e !

>
4t p

7

=

7TC|B > TTA|B 4

which is satisfied under the assumptions of the lemma. Eighth and finally, we can write

(p—t) (4 — 78p)
4t

t t\2 t
Tc|p > Tp|p = >TTB©*2(2+’YB) (p) +(4+’YB);*73>0~

The right-hand side of the last inequality is increasing in g (since i < 1). Moreover, the inequality

clearly holds when evaluated at yg = 0 (since % < 1). Thus, the inequality holds for all y5 € (0, %) O

14



Lemma S5. Suppose = (q)('yB), 225 )] We then have the following relationships:
a) Ttp|a > Tlc|a > Tip|a ANd Tic|a > Ta|a)
b) 7gic > Talc > Teic)
¢) Tp|p > Tic|p > Ttp|p And Ttc|p > T4 p-

Proof of Lemma S5. The relationships 7tp|4 > 7c|4 and 714|c > 7i¢|c are already shown in the proof
of Lemma 5S4 (the arguments in question are valid also for this part of the parameter space). Consider

the relationship 71¢|4 > 71| 4. We can write

(3 + ’)/B)2

t
7T > 7T & > —t) s - > ,
clA B|A 18(1— 75) B (p— 1) P ¢(7rB)

which holds for all 5 € (0, 3). We can also write

t(3+75)° S (1—p)t

2 2

7Tc‘ A>T AlA <~
which again holds for all 75 € (0, 1). Next consider the relationship Ttg|c > TTa|c- We can write

t(2+75)° S t(3—vp)° =

—29p)(4—vg+73) >0,
1By 18(1-75) 7))

nB‘C > T AlC 54
which holds for all 5 € (0, 1). Similarly, we can write

t(4—p)’
18’)’3

< [(4 — p)* + 18y5(1 — 78) — 9’)’123} t <18yp(1 —vB)p

t
Tc|p < Tp| < <7a(p—t) 785

E9
& [16+1075 2673 | ¢ = 2(8 4 1375)(1 — 78)t < 18y5(1— 78)p & 5 < ﬁ.

But the last inequality is implied by £ 5 < 2( 375

> +,y 7 Now consider the relationship 7t¢jp > 7tp)p:

t(4—p)’

Tleig > 7| <
C|B B|B 1875

t
> V85 & (4—78)* > 973,

which holds for all 5 € (0, 3 ). Finally write

2
— 18vp(1 —
HC‘B > TEA‘B o t(418 ’YB) > (1 _ ,)/B)(p _ t) o = ZB( r)/B) ,
B P (4—78)” +1878(1 —78)
which is implied by é > ¢(vB). O

Lemma S6. Suppose % € (¢(73), ﬂ . We then have the following relationships:
a) Tp|a > Tic|a/
b) 1t pc > Ticic and T4 c > i)
¢) 7| > 7ic|p/

d) TtC|A > 4s: 17\ and Ttc|A > TCA|A
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e) 7TA|B = ﬂc‘B > 7TB|B.

Proof of Lemma Sé. First note that % < % implies % < % The claims that 71p 4 > 7|4 and 714)c > 7i¢|c
are already shown in the proof of Lemma S4 (the arguments in question are valid also for this part of
the parameter space). Similarly, the relationships 71| 4 > 7tp|4 and 77¢|4 > 7144 are already shown in
the proof of Lemma S5 (the arguments are valid also for this part of the parameter space).
Thus consider the relationship 774c > 7p|c. We can write
t(3—vp)> t 1875(1 —
M > wlp =2 &> 5 vszi(%vza) — )’
t

However, the last inequality is, given 5 < %, implied by our assumption that é > ¢(vp). Similarly, we

TTalc > TgIC <

can write

t
7ipj > Tcjp & VAP — 1) + 85 > 7a(p — 1),

which trivially always holds. Next, it is clear that we have 7143 = 71|, since both profit levels equal

va(p —t). Finally we can write

t t 21—«
Ttcip > Tgg < va(p — 1) >'YB§<:>? < (2_733),

which holds for all 75 € (0,3). O

4 Proofs of Propositions 1-5

4.1 Proof of Proposition 1 in Lagerlof ( )

Proof of Proposition 1, part (i). First suppose % € [%, %) Consider the game matrix in Figure 1 in
Lagerlof ( ). Let us study one column of the matrix at a time, while using the results in Lemmas S1

and S2.

* In column A, firm 1 prefers C to A and B (for we have 71¢c|4 > 744 and 7tcja > 7pj4),
and it prefers D to A and B (for we have mp|4 > 744 and 7pj4 > 7p4). However, neither
(y1,¥2) = (C,A) nor (y1,y2) = (D, A) can be an equilibrium, as firm 2 would in both cases have

an incentive to deviate to C or to D (for we have 7t¢|c = 7tp|c > 74c and 7t¢p = 7ip|p > 7A|D)-

* In column B, firm 1 prefers D to A, B and C (for we have 7tp g > 74|, 7Tp|p > 7tp|p and 7ip g >
7icip)- But (y1,¥2) = (D, B) cannot be an equilibrium, as firm 2 would have an incentive to

deviate to C or D (for we have 7t¢p = 7p|p > 7p|p)-

® In column C, firm 1 is indifferent between C and D and prefers each one of these choices to A
and B (for we have 7¢|c = 7tp|c > 714|c > 7tp|c)- By symmetry (in particular, by the inequalities
stated in the previous sentence), if firm 1 chooses C, then firm 2 has a (weak) incentive to also
choose C. Hence (y1,y2) = (C,C) is an equilibrium. If firm 1 chooses D, then firm 2 has a weak
incentive to choose C (for we have 7¢c|p = 7p|p > 74p > 7g|p)- Hence (y1,y2) = (D,C) isan

equilibrium.
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¢ In column D, firm 1 is indifferent between C and D and prefers each one of these choices to A
and B (for we have 7i¢c|p = 7tp|p > 7ap > 7 p)- Indeed, since the game is symmetric and we
have found that (y1,y2) = (D, C) is an equilibrium, so is (y1,y2) = (C, D). Moreover, again by
symmetry, since firm 1 weakly prefers D in column D, firm 2 weakly prefers D in row D. Hence

(y1,¥2) = (D, D) is an equilibrium.

Next suppose é € ( 7”;73, %), and again study one column of the game matrix at a time, while

using the results in Lemmas S1 and S3. Note that % > 7Vl;73 implies % > %

¢ Incolumn A, firm 1 prefers C to A, Band D (for we have 71¢| 4 > 7ip|a = 744 + 7pja).- However,
(y1,¥2) = (C, A) cannot be an equilibrium, as firm 2 would have an incentive to deviate to D (for

we have 7tp|c > 74|c).

* In column B, firm 1 again prefers C to A, B and D (for we have 7i¢c|p > 7ipjp = 74 + 7tpp). But
(y1,¥2) = (C, B) cannot be an equilibrium, as firm 2 would have an an incentive to deviate to D

(for we have 7tp|c > 7p|c).

¢ In column C, firm 1 is indifferent between C and D and prefers each one of these choices to A
and B (for we have 71¢|c = 7tp|c > 714|c > 7tpc)- By symmetry (in particular, by the inequalities
stated in the previous sentence), if firm 1 chooses C, then firm 2 has a (weak) incentive to also
choose C. Hence (y1,y2) = (C,C) is an equilibrium. If firm 1 chooses D, then firm 2 has a weak
incentive to choose C (for we have 7¢c|p = 7p|p > 74 p > 7g|p)- Hence (y1,y2) = (D,C) isan

equilibrium.

¢ In column D, firm 1 is indifferent between C and D and prefers each one of these choices to A and
to B (for we have 7i¢c|p = 7tp|p > 7ap > 7pp)- Indeed, since the game is symmetric and we
have found that (y1,y2) = (D, C) is an equilibrium, so is (y1,y2) = (C, D). Moreover, again by
symmetry, since firm 1 weakly prefers D in column D, firm 2 weakly prefers D in row D. Hence

(y1,¥2) = (D, D) is an equilibrium.

Proof of Proposition 1, part (ii). First suppose % € (max{ggéizg;, %} ) \/15%)' Let us study one
column of the matrix in Figure 1 in Lagerlof ( ) at a time, while using the results in Lemmas 51 and

S3.

* Incolumn A, firm 1 prefers C to A, Band D (for we have 7tc 4 > 7tipja = 714|4 + 7| 4)- Given that
firm 1 chooses C, firm 2 does not have an incentive to deviate (for we have 74 c > 7p|c = 7i¢|c

and 74\c > 7tp)c). Hence (y1,y2) = (C, A) is an equilibrium.

* In column B, firm 1 again prefers C to A, B and D (for we have 7t¢cjp > 71p|p = 7|5 + 7Tpp)- But
(y1,¥2) = (C, B) cannot be an equilibrium, as firm 2 would have an an incentive to deviate to A

(for we have 74 c > 7p|c).
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¢ In column C, by symmetry (cf. the above arguments about columns A and B) the following must
hold: (y1,y2) = (A, C) is an equilibrium, but (y1,y2) = (B, C) is not. Moreover, neither (y1,y2) =
(C,C) nor (y1,y2) = (D, C) is an equilibrium, as firm 1 would have an incentive to deviate to A

(for we have 7 c > 7tp|c = 7i¢|c)-

® In column D, firm 1 is indifferent between C and D and prefers each one of these choices to A
and to B (for we have 7i¢c\p = 7tp|p > 74p > 7g|p). Since the game is symmetric and we have
found that (y1,y2) = (D, C) is not an equilibrium, nor is (y1,y2) = (C, D). Moreover, again by
symmetry, since firm 1 weakly prefers D in column D, firm 2 weakly prefers D in row D. Hence

(y1,¥2) = (D, D) is an equilibrium.

9(1—yp) 3(1—78)
21—1375’ 2(3—75)

], and again study one column of the game matrix at a time,

using the results in Lemmas S1 and S4. Note that % > 31(1:1;?2 implies £ > 3VIsU75) and that

p 2(3—p)
te (9(1*73) 3(1-v8) 1 e

. . t
5 € (st 5502 ) implies > 5.

t
Next suppose » € (

* Incolumn A, firm 1 prefers Cto A, Band D (for we have 7t¢|4 > 7tp|4 = 744 + 7g| 4)- Given that
firm 1 chooses C, firm 2 does not have an incentive to deviate (for we have 74 c > 7¢ic = 7p|c

and 74\c > 7tp)c). Hence (y1,y2) = (C, A) is an equilibrium.

* In column B, firm 1 again prefers C to A, Band D (for we have 7t¢c|p > 7ip|p = 74 + 7tpp). But
(y1,¥2) = (C, B) cannot be an equilibrium, as firm 2 would have an incentive to deviate to A (for

we have 7TA\C > ﬂ‘—B‘C)‘

¢ In column C, by symmetry (cf. the above arguments about columns A and B) the following must
hold: (y1,y2) = (A, C) is an equilibrium, but (y1,y2) = (B, C) is not. Moreover, neither (y1,y2) =
(C,C) nor (y1,y2) = (D, C) is an equilibrium, as firm 1 would have an incentive to deviate to A

(for we have 74 c > 7t¢cic = 7tp|c)-

¢ In column D, firm 1 is indifferent between C and D and prefers each one of these choices to A
and to B (for we have 7i¢c|p = 7ip)p > 7ap > 7tpp)- Since the game is symmetric and we have
found that (y1,y2) = (D, C) is not an equilibrium, nor is (y1,y2) = (C, D). Moreover, again by
symmetry, since firm 1 weakly prefers D in column D, firm 2 weakly prefers D in row D. Hence

(y1,¥2) = (D, D) is an equilibrium.

Proof of Proposition 1, part (iii). Suppose é € (max {q)(’yB), 2(2317,‘;3), %} ,min { 38:13 , gl(l_zggg })
Let us study one column of the matrix in Figure 1 in Lagerlof ( ) at a time, while using the results

in Lemmas S1 and S4.

* In column A, firm 1 prefers D to A, B and C (for we have 7p|4 > 7c|4 and 7pjg = 744 +
7tg|4). However, (y1,y2) = (D, A) cannot be an equilibrium, as firm 2 would have an incentive

to deviate to D (for we have 7tp|p > 74|p).
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Figure 2: An illustration of different parts of the parameter space, which may be useful when studying

the proofs of Propositions 1 and 3. See also panels (a) and (b) of Fig. 1.

¢ In column B, firm 1 prefers, depending on parameter values, either C or D to A and to B (for we
have 7c|p % Ttp|p as % % %, and we always have 7tpg = 74| + 7p|p). But neither (y1,2) =
(C,B) nor (y1,y2) = (D,B) can be an equilibrium. In the former case firm 2 would have an
incentive to deviate to A (for if 7tc|p > 71pp, then we must have 714\c > 7p|c). In the latter case

firm 2 would have an incentive to deviate to D (for we always have 7ip|p > 7p|p).

* In column C, firm 1 prefers A to C and D (for we have 714 c > 7icic = 7ip|c)- Depending on
parameter values, firm 1 may prefer A to B, or B to A. However, by symmetry of the game,
neither (y1,12) = (A, C) nor (y1,y2) = (B, C) can be an equilibrium since we showed above that

(y1,¥2) = (C,A) and (y1,y2) = (C, B) are not.

® In column D, firm 1 is indifferent between C and D and prefers each one of these choices to A
and to B (for we have 7i¢c\p = 7tp|p > 74p > 7g|p). Since the game is symmetric and we have
found that (y1,y2) = (D, C) is not an equilibrium, nor is (y1,y2) = (C, D). Moreover, again by
symmetry, since firm 1 weakly prefers D in column D, firm 2 weakly prefers D in row D. Hence

(y1,¥2) = (D, D) is an equilibrium.

Next suppose % € (gg:ggg , %) , and again study one column of the game matrix at a time, while

using the results in Lemmas S1 and S3. Note that % < % implies % < 7”;73.

* In column A, firm 1 prefers D to A, B and C (for we have 7tp 4 > 7ic|4 and 7tpj4 = 7aj4 +
7tg|4)- However, (y1,y2) = (D, A) cannot be an equilibrium, as firm 2 would have an incentive

to deviate to D (for we have 7tp|p > 74 p).

* In column B, firm 1 again prefers D to A, B and C (for we have 7tp | > 7¢|p and mtp|p = 745 +
mtgip)- But (y1,2) = (D, B) cannot be an equilibrium, as firm 2 would have an incentive to

deviate to D (for we have 7tp|p > 7p|p).
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* Incolumn C, firm 1 prefers A to B, Cand D (for we have 74 c > 7tp|c = 7t¢|c and 74 c > 7Tpc)-
However, by symmetry of the game, (y1,y2) = (A, C) cannot be an equilibrium since we showed

above that (y1,y2) = (C, A) is not.

¢ In column D, firm 1 is indifferent between C and D and prefers each one of these choices to A and
to B (for we have 7t¢c|p = 7tp|p > 74| p > 7t |p)- By symmetry, if firm 1 plays D, then firm 2 does
not have an incentive to deviate. Hence (y1,12) = (D, D) is an equilibrium. However, again by
symmetry of the game, (y1,2) = (C, D) cannot be an equilibrium since we showed above that

(v1,y2) = (D, C) is not.

Now suppose % € ((p('yg), %), and again study one column of the game matrix at a time,

while using the results in Lemmas S1 and S5.

* In column A, firm 1 prefers D to A, B and C (for we have 7tp 4 > 7ic|4 and 7tpj4 = 7aj4 +
7tg|4). However, (y1,y2) = (D, A) cannot be an equilibrium, as firm 2 would have an incentive

to deviate to D (for we have 7tp|p > 74 p).

* In column B, firm 1 again prefers D to A, B and C (for we have 7tp|p > 7¢|p and 7mtp|p = 745 +
7tgip)- But (y1,y2) = (D, B) cannot be an equilibrium, as firm 2 would have an incentive to

deviate to D (for we have 7tpp > 7tpp).

* IncolumnC, firm 1 prefers B to A, C and D (for we have 7tp)c > 7 > 7ic|c = 7ip|c). However,
by symmetry of the game, (y1,y2) = (B,C) cannot be an equilibrium since we showed above

that (y1,y2) = (C, B) is not.

¢ In column D, firm 1 is indifferent between C and D and prefers each one of these choices to A and
to B (for we have 7t¢|p = 7tp|p > 74|p > 7p|p). By symmetry, if firm 1 plays D, then firm 2 does
not have an incentive to deviate. Hence (y1,y2) = (D, D) is an equilibrium. However, again by
symmetry of the game, (1/1,2) = (C, D) cannot be an equilibrium since we showed above that

(y1,¥2) = (D, C) is not.

Finally suppose % € ((p('yg), %) , and again study one column of the game matrix at a time, while

using the results in Lemmas S1 and Sé.

* In column A, firm 1 prefers D to A, B and C (for we have 7p|4 > 7c|4 and 7tpjg = 744 +
7tg|4). However, (y1,y2) = (D, A) cannot be an equilibrium, as firm 2 would have an incentive

to deviate to D (for we have 7ipp > 74 p).

* In column B, firm 1 again prefers D to A, B and C (for we have 7tpp > 7¢|p and mtp|p = 745 +
mtgip)- But (y1,2) = (D, B) cannot be an equilibrium, as firm 2 would have an incentive to

deviate to D (for we have 7tpp > 7p|p).

* Incolumn C, firm 1 prefers A to B, Cand D (for we have 7 4,c > 7p|c and 714\c > 7ic|c = 7p|c)-
However, by symmetry of the game, (y1,y2) = (A, C) cannot be an equilibrium since we showed

above that (y1,y2) = (C, A) is not.
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¢ In column D, firm 1 is indifferent between C and D and prefers each one of these choices to A and
to B (for we have 7t¢c|p = 7tp|p > 74| p > 7tp|p)- By symmetry, if firm 1 plays D, then firm 2 does
not have an incentive to deviate. Hence (y1,2) = (D, D) is an equilibrium. However, again by
symmetry of the game, (y1,2) = (C, D) cannot be an equilibrium since we showed above that

(y1,y2) = (D, C) is not.

4.2 Proof of Proposition 2 in Lagerlof ( )

To prove the claim it suffices to show that, given % € Qyj, we have 7|4 > 74 c > 7p|p. From

subsection 3.1.2 in Lagerlof ( ), we know that 7tp|p = £. The expressions for 7t A|c and 71| 4 depend
0 L 9(1—7p) 3(1—7p) i) £ 3(1-yp) 11 VI~ i

on whether (i) p € (21_1373, 2(3—73)} or (ii) p € (max { 23=7p)" 3 } ,Y=1E ) For case (i) we have a

high-wage equilibrium and, by Table 1 in Lagerlof ( ),

t(3—p)

t 2 2
— > - & (3 9(1- <3 0

nA‘C > 7TD‘D =4

and

t(3+75)° - t(3—vp)°
18(1—v9p) = 18(1—73)

Clearly, both conditions hold for all yp € (O, %) .

Ticla > TalC <

For case (ii) we have a middle-wage equilibrium and, by Table 1,

(1—9p)p?> _ ¢ t T—78
and
—t)[4t—(1— 1— 2 t t

The first condition clearly holds for all 9p € (0, %) The left-hand side of the second condition is

increasing in i for all vg € (0, %) ; hence the condition holds if it is satisfied when evaluated at the

lowes’z pOS?ible value of %, namely é = max { ggizig , %} Indeed, it suffices to check that it holds for
t _ 3(1—7s).

I
3(1—73)”3(1—7@ } (3+78)* (1~ 7p)
( 26 26— T (3— 75)2 B
which is satisfied for all v € (O,%). O

4.3 Proof of Proposition 3 in Lagerlof ( )

First suppose that é € Oy U Q. Then, by Proposition 1, (y;,y5) € {(C,C),(C,D),(D,C),(D,D)}.
Therefore the firms address the same segments of workers and, by the analysis in subsection 3.1.2 in
the paper, w; = w} = p—tand 71} = 75 = 4. The claims in part (i) of Proposition 3 follow immediately

from these expressions.
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Next suppose that % € Q. Then, given that a payoff-dominated equilibrium is not played, it
follows from Propositions 1 and 2 that (y5,y3) € {(A,C),(C, A)}. That is, one firm discriminates in

hiring against the minority group (y; = A) and the other firm does not discriminate at all (y_; = C).

If % > 30218) then it follows from subsection 3.1.4 and Lemma 1 in the paper that the equilibrium

2(3—vp)’
wages are w]* = 5 and w* j =t and the equilibrium profits are
— 2 — — (1=
oo Uz (p=t = (A =p)p]
] 8t ] 4t

The claims in part (ii) of Proposition 3 follow immediately from these expressions (differentiating yields
ar* A=~
7;;’ >0« % < %, which is implied by % e Q). If % < 3U278) then it follows from subsection

2(3—"/3) ’
3.14 and Lemma 1 in the paper that the equilibrium wages are w]* =p— é?l—_ﬁg and w* =
%, and the equilibrium profits are
* t(3_')’B)2 N t(3+,yB)2
Ui MY T T 0 )
The claims in part (iii) of Proposition 3 follow immediately from these expressions. 0

4.4 Proof of Proposition 4 in Lagerlof ( )

To prove claim (i) it suffices to show that 71¢c|4 > 74c > 71¢|c. But, since 7i¢jc = 7tp)p, this follows
from the proof of Proposition 2.

To prove claim (ii), note from eq. (1) in the paper that the workers care about their wage and their
mismatch cost. Also note that, given % € Qyj, all workers are employed, both with and without the
anti-discrimination policy described in the proposition; hence, in both scenarios, all workers earn a
wage and incur a mismatch cost. From subsection 3.1.2 and Table 1 in Lagerlof ( ), it follows that,
for all % € Qqp, weic > wyc > weja- That is, the wage utility that accrues to any given worker is
higher with the policy. Moreover, with the policy the two firms’ wages are the same, which means that
the threshold value x defined in eq. (5) in Lagerlof ( ) is given by one-half: All workers left (right,
respectively) of the midpoint of the unit interval chooses firm 1 (2, respectively). On the other hand,
without the policy some workers will choose an employer that is farther away, while others choose the
same employer as with the policy. That is, the mismatch cost that any given worker incurs is either the
same or strictly lower with the policy. Those things imply that each one of the workers is strictly better
off with the policy than without.

To prove claim (iii), note again that, given % € Oy, all workers are employed both with and without
the policy. Moreover, the wage does not matter for total surplus, since it is only a transfer from a firm
to a worker. Those things imply that only the aggregate mismatch costs matter for total surplus. As

argued in the paragraph immediately above, however, these mismatch costs are strictly higher without

the policy. O
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4.5 Proof of Proposition 5 in Lagerlof ( )

The structure of the proof is very similar to the one in the proof of Proposition 1, except that here there

is no D action.

Proof of Proposition 5, part (i). First suppose é € [%, %) Consider the game matrix in Figure 1 in

Lagerlof ( )- Let us study one column of the matrix at a time, while using the results in Lemmas S1

and S2. Since we now have S € {A, B, C}, we ignore the D column and the D row.

* Incolumn A, firm 1 prefers C to A and B (for we have 71¢|4 > 7144 and 7i¢| 4 > 7tp)4). However,
(y1,¥2) = (C, A) cannot be an equilibrium, as firm 2 would have an incentive to deviate to C (for

we have 7t¢cic > 74)0)-

¢ In column B, firm 1 prefers C to A and B (for we have 7tcjg > 7143 > 7pp). But (y1,¥2) = (C, B)

cannot be an equilibrium, as firm 2 would have an incentive to deviate to C (for we have 7¢|c >

Ttg|c)-

* In column C, firm 1 prefers C to A and B (for we have 7t¢|c > mac > 7p|c)- By symmetry (in
particular, by the inequalities stated in the previous sentence), if firm 1 chooses C, then firm 2 has

an incentive to also choose C. Hence (y1,y2) = (C,C) is an equilibrium.

Next suppose % € ( v 1;73 , %), and again study one column of the game matrix at a time, while

using the results in Lemmas S1 and S3. Note that % > 7Vl2_73 implies % > %

* In column A, firm 1 prefers C to A and B (for we have 71¢c|4 > 7tpj4 = 714 + 7tg4). However,
(y1,¥2) = (C, A) cannot be an equilibrium, as firm 2 would have an incentive to deviate to C (for

we have 7t¢cic > 74)0)-

* In column B, firm 1 again prefers C to A and B (for we have 7cjp > 7mp|p = 714 + 7). But
(y1,¥2) = (C, B) cannot be an equilibrium, as firm 2 would have an an incentive to deviate to C

(for we have nc‘c > 7TA\C > nB‘C).

* In column C, firm 1 prefers C to A and B (for we have 7t¢|c > 7mac > 7p|c)- By symmetry (in
particular, by the inequalities stated in the previous sentence), if firm 1 chooses C, then firm 2 has

an incentive to also choose C. Hence (y1,y2) = (C,C) is an equilibrium.

Proof of Proposition 5, part (ii). First suppose % € (max{ggizgil %} ) \/1;73). Let us study one

column of the matrix in Figure 1 in Lagerlof ( ) at a time, while using the results in Lemmas S1 and

S3.

* Incolumn A, firm 1 prefers C to A and B (for we have 7t¢c|4 > 7tp|4 = 7|4 + 7g|4)- Given that
firm 1 chooses C, firm 2 does not have an incentive to deviate to C or B (for we have 7, c >

Ttp|c = 7Tic|c and 74 c > 7p|c). Hence (y1,y2) = (C, A) is an equilibrium.
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* In column B, firm 1 again prefers C to A and B (for we have 7cjp > 7mp|p = 714 + 7p|)- But
(y1,¥2) = (C, B) cannot be an equilibrium, as firm 2 would have an an incentive to deviate to A

(for we have 74 c > 7p|c).

¢ In column C, by symmetry (cf. the above arguments about columns A and B) the following must
hold: (y1,y2) = (A, C) is an equilibrium, but (y1,y2) = (B, C) is not. Moreover, (y1,y2) = (C,C)
is not an equilibrium, as firm 1 would have an incentive to deviate to A (for we have 7, c >
Ttp|c = Tc|c)-

t 9(1—7p) 3(1—7p) : . .
Next suppose 5 € (21_1373 , 2(3773)>, and again study one column of the game matrix at a time,

using the results in Lemmas S1 and S4. Note that > 31(1 gfﬁ)

t 9(1=78) 3(1=78) | immliae t < 1
p € (21_1373’2(3*73) implies ; > 3.

implies % > % and that

* In column A, firm 1 prefers C to A and B (for we have 71¢c|4 > 7tp|4 = 7144 + 7g|4)- Given that
firm 1 chooses C, firm 2 does not have an incentive to deviate to C or B (for we have 74 c > 71¢|c

and 74\c > 7tp)c). Hence (y1,y2) = (C, A) is an equilibrium.

* In column B, firm 1 again prefers C to A and B (for we have 7cjp > 7mp|p = 714 + 7). But
(y1,¥2) = (C, B) cannot be an equilibrium, as firm 2 would have an incentive to deviate to A (for

we have 7TA\C > n—B‘C)‘

¢ In column C, by symmetry (cf. the above arguments about columns A and B) the following must
hold: (y1,y2) = (A, C) is an equilibrium, but (y1,y2) = (B, C) is not. Moreover, (y1,y2) = (C,C)
is not an equilibrium, as firm 1 would have an incentive to deviate to A (for we have 7, c >
TTc|c)-

3 . 3(1— 9(1—
Now suppose % € (max {(p('yg), 2(2171;3), %} ,min { 2&713, 21(71&5; }) Let us study one column

of the matrix in Figure 1 in Lagerlof ( ) at a time, while using the results in Lemmas S1 and S4.

* In column A, firm 1 prefers C to A and B (for we have ¢4 > 7144 and 71¢c|4 > 71p|4). Given

that firm 1 chooses C, firm 2 never has an incentive to deviate to C (for we have 74 c > 71¢|c)

3\/ (1= 73

2(3—7p)
S4). Hence (y1,y2) = (C, A) is an equilibrium if and only if % > @-

and firm 2 has no incentive to deviate to B if and only if i (by part c) of Lemma

* In column B, firm 1 prefers C to A and B (for we have 7i¢c|p > 743 and 7i¢cjp > 71pp). Given
that firm 1 chooses C, firm 2’s best deviation cannot be C (for we have 74 c > 7¢|c) and firm 2

has no incentive to deviate to A if and only if % > a3 73 G WB (by part c) of Lemma S4). Hence

(y1,¥2) = (C, B) is an equilibrium if and only if % < 73333*(173;@'
¢ In column C, by symmetry (cf. the above arguments about columns A and B) the following must

hold: (y1,y2) = (A,C) is an equilibrium if and only if % > W; and (y1,y2) = (B,C) is

3\/ v8(1—7p)
2(3—73)
as firm 1 would have an incentive to deviate to A (for we have 74 c > 7¢|c)-

an equilibrium if and only if % . Moreover, (y1,y2) = (C,C) is not an equilibrium,
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Next suppose % € (gg:lg% , %) , and again study one column of the game matrix at a time, while
i i b 1imslies £« Y1=78 t 3(1=vp) 1
using the results in Lemmas S1 and S3. Note that p <3 implies p < T Also, p € (2(3_73), 3)

implies that yp > %

* In column A, firm 1 prefers C to A and B (for we have ¢4 > 7pj4 > 74|4). Given that firm 1
chooses C, firm 2 does not have an incentive to deviate to B or C (for we have 74 c > 7p|c and

Tta|c > Tip|c = Tic|c)- Hence (y1,y2) = (C, A) is an equilibrium.

¢ In column B, firm 1 prefers C to A and B (for we have 7tcjg > 7145 > 7pp). But (y1,¥2) = (C, B)

cannot be an equilibrium, as firm 2 would have an incentive to deviate to A (for we have 714c >

Ttg|c)-

* In column C, firm 1 prefers A to B and C (for we have 74/ c > 7p|c and 74 c > 7tp|c = 7i¢|0)-
Given that firm 1 chooses A, firm 2 does not have an incentive to deviate to A or B (for we have

Ttc|a > Ttgja > T4 a)- Hence (y1,y2) = (A, C) is an equilibrium.

Now suppose % € (q)(’yg), %} , and again study one column of the game matrix at a time,

while using the results in Lemmas S1 and S5.

* Incolumn A, firm 1 prefers C to A and B (for we have 71¢|4 > 7tp)4 and 77¢|4 > 714)4). However,
(y1,¥2) = (C, A) cannot be an equilibrium, as firm 2 would have an incentive to deviate to B (for

we have ”B\C > HA‘C)'

* In column B, firm 1 again prefers C to A and B (for we have 7cjp > mpp and 7tcjp > 7a)p).
Given that firm 1 chooses C, firm 2 does not have an incentive to deviate to A or C (for we have

Ttg|c > Ta|c > Tic|c)- Hence (y1,y2) = (C, B) is an equilibrium.

¢ In column C, by symmetry (cf. the above arguments about columns A and B) the following must
hold: (y1,y2) = (B, C) is an equilibrium, but (y1,y2) = (A, C) is not. Moreover, (y1,12) = (C,C)

is not an equilibrium, as firm 1 would have an incentive to deviate to B (for we have 7tpc > 71¢c).

Finally suppose % € (go('yB), ﬂ , and again study one column of the game matrix at a time, while

using the results in Lemmas S1 and Sé6.

* Incolumn A, firm 1 prefers C to A and B (for we have 7t¢ 4 > 7p4 and 7|4 > 714|4)- Given that
firm 1 chooses C, firm 2 does not have an incentive to deviate to B or C (for we have 74 c > 7p|c

and 74\c > 7i¢|c)- Hence (y1,y2) = (C, A) is an equilibrium.

¢ In column B, firm 1 prefers A and C to B (for we have 743 = 7c|p > 7pp). But (y1,¥2) = (C, B)
cannot be an equilibrium, as firm 2 would have an incentive to deviate to A (for we have 74c >
7g|c)- Nor can (y1,y2) = (A, B) be an equilibrium, as firm 2 would have an incentive to deviate

to C (for we have ¢4 > 7p|4).

¢ In column C, by symmetry (cf. the above arguments about columns A and B) the following must

hold: (y1,y2) = (A, C) is an equilibrium, but (y1,y2) = (B, C) is not. Moreover, (y1,y2) = (C,C)
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is not an equilibrium, as firm 1 would have an incentive to deviate to A (for we have 7, c >

Ttc|c)-
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